Abstract. We introduce 1-dimensional lattice gas versions of three common models of random heteropolymers, in which both the polymer density and the density of the polymer-solvent mixture are nite. These solvable models give valuable insight into the problems related to the (quenched) average over the randomness in statistical mechanical models of proteins, without having to deal with the hard geometrical constraints occurring in nite dimensional models. Our exact solution, which is speci c to the 1-dimensional case, is compared to the results obtained by a saddle-point analysis and by the grand ensemble approach, both of which can also be applied to models of nite dimension. We nd, somewhat surprisingly, that the saddle-point analysis can lead to qualitatively incorrect results.
Introduction
The study of random hetero-polymers is regarded as a natural rst step towards a better understanding of the physics of proteins 1]. The latter are believed to be special realisations of random hetero-polymers which have been selected by nature; before tackling these a-typical (selected) cases, one rst investigates the properties of typical hetero-polymers. Several models of such systems have been proposed and studied (for an overview see e.g. 2, 3] ). Most involve a coarse-grained description of the polymer chain, where each monomer (which may consist of many atoms) is represented as a single bead, and effective two-body interactions between monomers and/or solvent molecules. Since proteins are hetero-polymers of xed composition, one is mostly interested in the case of quenched disorder. Yet, studying the case of annealed disorder can also be relevant, since it may describe a situation in which the monomers are able to change their chemical properties (e.g. by undergoing chemical reactions or by exchanging charge), and secondly (at a technical level) since one can approximate the quenched result by a series of annealed averages following the scheme of Morita 4] .
The principal objective of this paper is to clarify the problems that occur when following a saddle point (SP) approach in dealing with the (quenched) randomness in those coarse grained models of random hetero-polymers which take into account the incompressibility of the solventmonomer system. Although the behaviour of random heteropolymers in nite dimensions will obviously di er from those in high dimensions (due to the crucial role in the former of the chain constraint), we nd that the study of in nite dimensional lattice gas models provides valuable insight into the appropriateness of some of the approximations and assumptions that are usually being made, as it disentangles the problems induced by the disorder from those generated by the con gurational entropy. It is beyond the scope of this work to discuss the numerous variational approaches that have been introduced, often in combination with a saddle-point treatment. Neither do we want to go into details about possible replica symmetry breaking (RSB) that may occur in some models. Although the dominance of the entropy in our present models does not permit real phase transitions at nite temperatures, we do observe phase coexistence and, especially in the case of annealed disorder, (re-entrant) cross-over between swollen and compact phases, which may indicate real (reentrant) phase transitions in the corresponding nite dimensional models.
This paper is organised as follows. In section II we introduce our models, and illustrate connections with related models such as those describing matching problems and poly-dispersity. In sections III and IV we derive the (exact) solution for the case of discrete disorder, and for arbitrary disorder distributions (in terms of mesoscopic variables), respectively. In section V we study the same models with a (naive) mean eld approach, and point out the latter's weaknesses. In section VI we follow the grand ensemble approach of 4], where the quenched average is approximated by a series of annealed averages. Although hard to implement for real quenched disorder, this scheme may quite accurately describe polymers with so-called permuted disorder, where the monomers are allowed to migrate along the chain. Finally, in section VII, we discuss our results and present an outlook on future work.
Model De nitions
We consider large chains of random hetero-polymers. The position of each monomer i = 1; ::; N along a chain is given by a vector r i . A function g(frg) will incorporate all the constraints on the possible con gurations of the chain, such as self-avoidance, bond length, lattice constraints etc., such that the free energy of the polymer can be written as # : (1) In the case of short range 2-body interactions, the interaction Hamiltonian will be of the form H(frg) = N X i<j=1 ij ri;rj : (2) If the interaction energies ij 2 < are drawn independently for each pair (i; j) with i < j, we have a model with bond-disorder. Alternatively we could choose for each monomer to carry a set of labels i 2 <, specifying its electro-chemical properties, and de ne the interaction energies as xed functions of the labels of the monomers involved, i.e. ij = ( i ; j ), which would lead to a model with site disorder. Since (1) cannot be calculated for all possible disorder realisations, and since the free energy is a self-averaging quantity (i.e. the average value is the typical value), one is interested in its average over the disorder, the so-called quenched free energy F q = hFi f ij g . In order to investigate the in uence of disorder in the interactions between the di erent monomers, without having to make additional approximations to deal with the con gurational entropy, we consider the following simpli ed 1-dimensional model:
{ There are N monomers labelled i = 1; ::; N , R sites labelled r = 1; ::; R, and we de ne = R=N.
{ Every site is a neighbouring site to every other site, and thus the chain constraint of the polymer is always trivially satis ed.
{ Each site can contain up to n c monomers. This accounts for the incompressibility of the polymer-solvent system, and restricts the global density according to 1 nc , with equality corresponding to the situation where all sites are completely lled with monomers.
{ Those positions at a given site which are not occupied by monomers, are occupied by solvent molecules. { Only those particles interact which nd themselves in the same site. Fig. 1 . Illustration of the 1-dimensional model, for nc = 3, with some of the allowed moves indicated with arrows. The upper con guration is one where the sites are not yet ordered; the lower con guration is obtained upon ordering the sites according to monomer occupation numbers.
The problem of calculating the free energy has now been reduced to a relatively simple combinatorial one. The number of monomers at site r is denoted by n r . Hence, in terms of the notation of (1), g(frg) = 1 for all con gurations with n r n c for all r, and 0 otherwise:
Note that we must always satisfy the following relations (5) A monomer at a site occupied with n c monomers is said to be in the (maximally) compact state, a monomer at a site where there are no other monomers is said to be in a swollen state, and monomers which nd themselves at sites with an intermediate number of monomers are in a semi-compact state. The macroscopic state of the polymer is characterised by the numbers fC l ; l = 0; ::; n c g (which are proportional to the fractions of sites with a given monomer occupation number). By varying , the total monomer density and the fraction of monomers in (semi-)compact states at high temperatures can be made arbitrarily small. The state where all monomers are found at the same nite density n c is the high dimensional version of the compact globular phase for random hetero-polymers, which is often considered in the literature. Note that it is not appropriate to view the present models as coarse-grained high dimensional limit of lattice models, although the short range nature of the interactions is mimicked by representing small elementary volumes by sites and taking only (delta) interactions within this volume, ignoring the interactions between these elementary volumes. For a true high dimensional limit, the number of sites in an elementary volume would increase exponentially with the dimension, while here it is kept nite. Hence, it is rather a geometry-free version of the nite dimensional continuum models that have been considered.
We can now calculate typical quantities for boxes containing l monomers, provided we add the entropic contribution S ord to the free energy which re ects our ordering of sites, given by the logarithm of the associated combinatorial factor:
C l log(C l ) ] ; (6) (using Stirling's formula). As a consequence of the fractions fC l g being a nite number of intensive macroscopic observables, we will be able to solve our models by minimising the free energy with respect to the fC l g (or, equivalently the ff l g). Alternatively, we can separate the total entropy S into two contributions: the entropy S g of grouping the N monomers,
N(1?
and, secondly, the residual entropy S p describing the remaining freedom in positioning the monomers at the N sites:
Hence, the total entropy S is given by
Since S g contains a term proportional to N log(N), the en- What remains to fully specify our models is to make explicit choices for the pair-interactions between monomers. In the present paper we consider the three most commonly used interaction types: 3 Discrete Disorder: Exact Solutions
In this section we deal with the case where the interactions take discrete values, i.e. where the i (for RHM and RCM) or the ij (for RIM) have probability densities of the form
p ( ? ) ; (13) with nite N . We de ne`local states' as the monomer con gurations that can occur at a given site (for sitedisordered models these local states are fully characterised by the number of monomers of a given type present). Note that for nite n c and nite N the number N ls of possible local states is also nite. Furthermore, due to the nature of the Hamiltonian (2), the total energy is just the sum of the local energies in at the N sites. We de ne the concentration c s l of a local state s l as the number of times it occurs among the N sites (s l = 1; ::; N ls ) divided by N, and the number of monomers occupying a site in local state s l by n s l . We then always have to satisfy the normalisation requirements This case turns out to already exhibit all the essential features of our models. The results of determining the order parameters fc fm g g by minimisation of (17), are compared with numerical simulations in FIG. 2 and FIG. 3 , for the RHM and the RCM respectively. We clearly observe the tendencies one expects. In the RHM model the low temperature local con gurations are ones where either a site is fully lled with hydrophobic monomers (which thereby avoid contact with solvent molecules), or contains a single hydrophilic monomer (which then maximises the contacts with solvent). For the RCM we see that at low temperatures for = 1 (equal charges repel) the system favours states where opposite charges pair, whereas for = ?1 (equal charges attract) the preferred states are the ones where equally charged monomers maximally group together. In all cases the agreement between theory and experiment is excellent.
RIM
In order to solve the Random Interaction Model (RIM) we have to follow a slightly di erent strategy. Firstly, because the local state at a site r is now de ned by the number n r of monomers situated at r, in combination with the n r n r traceless interaction matrix M r of the interaction energies between pairs of these monomers. The number of independent matrix elements of M r is n r (n r ?1)=2, each can take all of the N di erent values, giving rise to N nr(nr?1)=2 different possible local matrices. Since we can freely permute the monomers at a given site, many of these matrices give rise to the same local state, and it is su cient to select a prototype for each of the non-equivalent classes. Given a local interaction matrix M, we can divide the monomers into N t classes of size m t ; t = 1; ::; N t , such that M is invariant under all permutations within the same class, and not so for any permutation of two monomers from different classes. Secondly, because only a negligible fraction of the labels ij are actually visible in the interactions, we cannot impose the equivalent of the condition in (15), but instead we use the fact that the ensemble probability that a label occurs, is given by P( ). Note that this is equivalent to assuming that the annealed approximation of the quenched average is valid; in appendix B we will prove the validity of this assumption at nite temperatures. The state-dependent part of the free energy is now asymptotically given by
where m M is the number of times the interaction occurs one entry above the diagonal in the matrix M, and the model is exactly solved at nite temperatures.
The order parameters c (n;M ) follow from minimisation of (18), subject to the constraints (14) . For general n c and N it is very cumbersome to determine the number of local states N ls . Therefore, we have again restricted ourselves to the simple case n c = 3 (for which the (n; M) are fully be true the dimension of l must be small compared to N. The c(l; l ) are so-called mesoscopic variables. Note that our approach is similar to that of the sublattice magnetisations as introduced for spin models in 21], and applies for as long as the number of possible labels l is suciently small to guarantee that the number of members in each class of momoners with prescribed labels is in nite, and that the uctuations in the c(l; l ) will not contribute to the free energy.
RHM & RCM
For the RHM and the RCM, the solution involves only minor adaptations/generalisation of the one obtained for discrete disorder. The asymptotic state-dependent contribution to the free energy can formally be written as a functional over the above densities, where l f i k ; k = 1; ::; lg are the labels of the l monomers present at a given site:
(N ! 1) (19) where d l ( Q l k=1 d i k ) and where E(l; l ) is the contribution to the system's total energy from a site with l monomers characterised by label vector l . The term ?c(l; l ) log(l!) in the entropy re ects the fact that the c(l; l ) are invariant under permutations of the i k ; k = 1; ::; l. In the case of there being a non-vanishing probability for the monomers to be identical, i.e. when the probability distribution of the labels contains delta peaks (as for discrete disorder) we have to add to the entropy the term ?c(l; l ) log( Q n !), where runs over the different values which the components of l take, and where n P l k=1 i k ; . The equilibrium values of the concentrations c(l; l ) are to be determined via minimisation of (19) , subject to the constraints 
RIM
In the case of the RIM, we can divide the monomers in classes fl; l g where l is the number of monomers and l f i k ;im ; k < m = 1; ::; lg. As in the discrete case, we cannot impose the equivalent of the P( ) condition in (21) , but at nite temperatures the annealed approximation is exact (see appendix B), and the ensemble probability that the label vector l occurs, is given by Q l k<m P( i k ;im ). Hence, the state-dependent part of free energy per monomer is The MF treatment up to equation (34) is perfectly valid. At this stage, however, it is important to note that the n a r 2 f0; 1; ::; n c g and q ab rr 0 2 f0; 1; ::; n a r n b r 0g are discrete microscopic variables, rather than self-averaging order parameters (compare to e.g. spin-glass theory 22]). Of these at nite density, there are O(N) and O(N 2 ) respectively, while in the nite dimensional analogon, the volume occupied by the polymer is O(N). Hence, the integrals over then a r andq ab rr 0 cannot be treated as SP integrals (there is no large parameter N). Nevertheless, since the integrals cannot be performed explicitly, one could consider SP integration as a rst approximation. We here nd that a SP treatment of the \one-position" parametersn a r leads to at least qualitatively correct results, which may explain the relative success of MF models for homo-polymers 23].
In many studies the n a r are kept constant anyway, as one focuses on the properties of the compact globular phase, eliminating the SP-problem altogether. It was shown, however, that in models with disorder and only \one-position" order parameters uctuations may be important as they can qualitatively alter the phase diagram 24]. We will show, that a (naive) saddle-point treatment of the \two-position" parametersq ab rr 0 may lead to qualitatively incorrect results, as they are highly uctuating quantities on a microscopic scale. To illustrate this, note that In general there is no large parameter to justify a saddle point treatment of these parameters, even in the limit n c ! 1. In appendix B, we will show that at nite T the non-zero q ab rr 0's will be 1. Having a nite fraction of the non-zero q ab rr 0's > 1, leads to a decrease in the entropy of order N log(N), while the energetic gain is at most extensive (this is speci c to our 1-dimensional model). Several variational approaches have been proposed to deal with this problem 12]-20]. The quality of a variational approach depends on the quality of the trial function(s), and there is always the risk that the true physical behaviour is not included. To develop a self-consistent MF theory for random hetero-polymers, it may be necessary to nd a good set of \true" order parameters. It may well be that the origin of some of the incongruences between the results obtained by analytical methods for continuum models and those found numerically for lattice models 14, 17] , lay in the application of the saddle-point method for microscopically strongly uctuating \two-position" quan- 
to the free energy (39) (and make the corresponding correction in (41)), to obtain even quantitatively excellent results.
To show that we obtain the correct low temperature behaviour, we solve equations (40,41) (with the correction) in the limit ! 1 analytically. It can be shown that in 
This result makes perfect sense: given 0 and , the fraction of monomers that are negative, i.e. hydrophobic, is exactly f nc . For energetic reasons, these monomers want to be in the maximally compact state (n ri = n c ), while the others are hydrophilic and want to be maximally swollen (n ri = 1). Note that the free energy can become arbitrarily negative for n c ! 1. At high temperature we know the exact solution, and at low temperature ( ! 1) the energetic term dominates and is calculated exactly by SP integration, because in this limit acts as the large parameter. Numerical analysis shows that also at intermediate temperatures the obtained curves are indistinguishable from the exact solution (FIG. 5) . We conclude that the RHM is probably the only model in which the SP method leads to qualitatively correct results. This could be anticipated by the observation that using (35), the q ab rr 0 could have been avoided altogether.
Mean Field Solution of the RCM
Before turning to the technical analysis of the model, we anticipate what to expect for the low temperature behaviour.
{ First, we consider the case " = +1, such that equal charges repel each other. When the average charge is 0 ( 0 = 0), we expect the monomers to group together into boxes such that the total charge in each box goes to zero, because the energy is exactly the sum of the squares of the local charges r (12) . When 0 6 = 0 (take The ground state energy per monomer E 0 is then limited from below by
In this case the most positive charges are compensated by negative ones to become A, until all negative charges are used up (with a nite number of charges in each box, it is not guaranteed that this can indeed be done). The remaining (excess) positive charges will stay alone in a box. A closer look at the expression for g 1 (33) shows that it is well de ned at all temperatures for " = +1 (equal charges repel).
{ For the case " = ?1, we expect the monomers to group together in order to maximise j r j for all the occupied boxes, and the ground state energy per monomer is hence limited by
A closer look at the expression for g 1 (33) reveals that there is a critical c (dependent on n c ; 2 , but independent of n) for any nite n, such that for c the matrix R ar;br 0 is no longer positive de nite. This is of course an artifact of the replica method, which rst calculates the annealed average of n copies of the system and then takes the limit n ! 0. For any nite n > 0, there is a phase transition at c after which the variance of the i diverges. The central problem is the fact that this phase transition makes the result for nite n useless to obtain information about the system in the limit n ! 0. Therefore, the replica method is not applicable for low temperature results with " =?1. This problem should not occur for distributions P( ) with the property that lim ! 1 P( ) exp(a 2 ) ! 0 ; 8a 2 IR.
We now follow the same procedure as in the previous sec- (50) such that (at least in the SP approximation), the tworeplica parameters reduce to a product of one-replica order parameters, and no RSB will occur. As explained before, for any nite n c the most general solution for the n r can be written down in terms of a nite number of parameters 
and we obtain the result that the q jk ' O(1=N). Again, the q jk are replaced by their average values, but in contrast to the RHM, this has severe consequences. In the low temperature limit we nd that N l ' 1=" 2 , and
?in l = log(l) 8l, such that we obtain E 0 = 0 (55) for the ground state energy. Because of (48), this result can obviously not be correct for 0 6 = 0. In appendix B, we show that at any nite temperature the dominant contribution comes from the entries q ab rr 0 = 1 . This alternatively explains why the q dependent part of (33) for the RIM will be a constant and the quenched average reduces to the annealed one at nite T. Furthermore, we introduce a set of true order parameters which can be treated using the SP method. We show that a nite fraction of q ab rr 0 > 1 implies a reduction of the entropy of order O(N log(N)), while the energetic gain is at most extensive. Only at reduced temperatures T 0 = T= p log(N), the system starts deviating from the annealed behaviour, because the energetic part of the free energy can compete with the over-extensive part of the entropy. We only signal the onset of this phenomenon. A detailed study of the low temperature behaviour is beyond the scope of this present paper, and has been done for the very similar matching problems 5, 8, 9] . Hence, due to the invariance of the model for permutations of the monomers (which is de nitely not true for nite dimensional models!), it turns out that the simple annealed average is equivalent to the quenched one (at nite temperatures). We will return to this issue in the next section on annealed averages. Nevertheless, even at nite temperatures deviations from the annealed behaviour are observed in the simulations ( see FIG. 6 ). These are nite size e ects, because limitations in computer memory do not allow system sizes large enough to make 1= p log(N) e ects negligible.
Mean Field Solution of the RIM

Continuous Disorder: Grand Ensemble Approach
An alternative approximation scheme is the Grand Ensemble Approach. It consists in approximating the quenched average by a series of constrained annealed averages, and is originally due to Morita 4] . For a review and detailed description, we refer to 25]. Since the chain constraint is negligible in our simple model, we expect good results upon xing only the moments of the overall probability distribution of the randomness. In nite dimensional models, however, this does not prevent the random variables to choose their most favourable position along the chain. Therefore, one may have to enforce conditions on the correlations along the chain, in order to obtain a good approximation for the quenched free energy 14]. Apart from being an approximation for the quenched case, the (constrained) annealed average also describes a di erent physical situation where the monomers are allowed to change their properties on the same time scale as their con guration.
Using the same notation as in the previous section, we nd that the equations for then l are temperature independent, and the same as in the quenched case at in nite temperature. Therefore, we can correct them exactly to yield the entropic term The minimum is at f c = 1 2 , such that half of the monomers will be hydrophobic and in a completely lled box, while the other half will be hydrophilic and alone in their box.
In FIG. 8 
The divergence of the energy at low temperature is due to the number of disorder parameters, such that rare, energetically very favourable combinations of monomers can be formed, to yield arbitrarily low energies. This would of course not be true for a distribution P( ) with a support that is bounded from below.
Conclusions
We have studied a simple lattice gas model for random hetero-polymers in 1-dimensions, the nite dimensional analogues of which had been studied using various approaches 11]-20]. The simplicity and transparency of the model has allowed us to formulate an exact solution in terms of true order parameters for discrete disorder, and in terms of self-averaging mesoscopic variables for continuous disorder. Although the behaviour of nite dimensional models will obviously be very di erent, due to the crucial role in the latter of the chain constraint, our model gives valuable insight into the problems inherent in the saddle point approximation for the parameters that occur naturally in a mean eld (replica) treatment. Whereas qualitatively correct for the random hydrophilic-hydrophobic model, the results for the random charge model are found to be even qualitatively incorrect. For the random interaction model additional assumptions are needed, but in our 1-dimensional model at nite temperatures, the simple annealed average is found to coincide with the quenched result. Variational approaches have been successful in capturing certain aspects of the behaviour of random heteropolymers, but it may well be that the origin of some of the incongruences between the results obtained by analytical methods for continuum models and those found numerically for lattice models 14, 17] , lay in the undue application (in view of the absence of a large parameter, even in the n c ! 1 limit) of the saddle point approximation for strongly uctuating quantities, in particular those which depend on two position arguments. It is not our goal to diminish previous work which has led to many valuable insights, but to draw the reader's attention to the inherent risks of the saddle point approximation in random hetero-polymers. The Grand Ensemble Approach 4,25] is a di erent powerful tool to describe the case of permuted disorder, but it is technically very hard to impose independence of the disorder along the sequence. Hence, a good detailed description of the quenched case based on the Grand Ensemble Approach is as yet still out of reach in nite dimensional models 14].
We have established links between our model, and the Backgammon model 6], models for poly-dispersity 10], and matching problems 5,7{9]. The latter in particular suggests that in order to develop a self-consistent mean eld theory for random hetero-polymers, it may be necessary to nd a good set of \true" order parameters (see appendix B).
The protein folding problem can be viewed as a geometrically constrained matching problem for the monomers. Hence, new insights may be gained using the techniques developed for the matching problem 5,7{9], imposing some weak (geometrical) constraints that can be treated analytically. The low temperature phase for the random interaction model certainly needs further inspection. It can be viewed as a generalisation of the existing results for matching problems, and may be qualitatively di erent due to the non-bounded nature of the ground state energy. Although absent at nite densities, phase transitions may occur when the density is allowed to become arbitrarily high.
Finally, the study of the dynamics of this model both at nite and at high density is currently in progress and will be published elsewhere.
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to the free energy (39) (and the corresponding correction to (41)). In this way, we are at least ensured to obtain the exact result in the high temperature limit.
B Validity of the Annealed Approximation for the RIM. 
